



































































































































A monoid is at ul comm binary operation ad identity
element Usually denoted It o p
Given a field k here monoid algebra

KEPT Kx
pep

XP XP's xPtp

KENI KEI

KIM Kla xr7






































































































































Throughout we fix the notation

N z M N Hom IN E

NNN Mi Mi Mom21

DI
v s N is a convex rational polyhedral cone

R e

if it's of the form

o cone die du Of

S S M finite

A tace Of a cone o is I Hanno for some

hyperplane Hm fueNp Him 01 it os HIiluenakums

Vertex D mO
MEMR

tacit dam
n edge dim I

A cone o is strictly CRPC if it has 101 as a face

The dud cuz of o is

oklmc.MN fm u730V ueo






































































































































EI Note or is

v coneceneisk o Ii

an

Y

H

this is not strictly annex i11 1
11 111 11

Indeed it contains the 2 axis

Hence 101 can't be a ta 9 0 74 07 positive putb c of the appurtin closed halfipale.IT
strongly convex rational poly cones have unique g theraturs

in the following sense

let
go o 6 an edge it's a ray deporting from

the origin faces of S.C RPC are also SCRPC

since
g rational too PAN generated by a unique element

Called us ray gornatus
Prud

A steppe is generated by its ray generators






































































































































Morefacts
eM

Gordon's theorem ohm is finitely generated monoid

commutature addition identity dmost i e Nim 0 Nm SM

Finally X SpockCounty is the aff.ru oricvoiHy
defined by the cone o

fun
ii so i

o Conele ez s R2

o CineCei ei s R2

kkinz4 kfx.gl






































































































































Def fans Toric

A fog E cNp is a finite collection of canes

s Np set

every o c E is strongly convex rational polyhedral
cone

to e E each face of o is in

0 o t E o no is a face of each
as hmu in E

to
uFor each cone o c E we get Spock ohm affine touic

If e so 3me Trim it t Hmno

then X Ho the locus in to where Xm is non
Vanich

Above we require 0 no to be a face of each 0 q
One can find me RelintlointozY H

Ho m Xt No m

After all these gluing we get a Sopwatigiety






































































































































EI
N ZI M I

NER

only conci we o 0,0
0 C ago
I Sol cone

lol q

lo pl lo tl both give

10,0 tl gives R

EI

gives Rtx
4,17 2

product of fans above ng p
e m un

TummC till






































































































































Functionality

N N lattice 4 group homo

c Ni µ fans

is a map of fans if Ho E E I oze Ez sit

46,1 S Oz

Noite oi

Kloinmi Karim
these chaps are compatible for various o d w glue to

Xe XE






































































































































Divisors
Orbit Cone says that

trays p of El 108 egg't t

the closure is TN invariant prime diriconH

D Hence have a valuate xp Xs I
g

Recall a rag PEE has minimal genrrator UgtFAN

Props

w the above setup

ylxmt lm.us

dwcxmt ELm.usDg
PE Ell






































































































































Dual
Def p
A lattice polytope is Conv s for SSM finite

Have faces facts vertices just as cones except this time

dfw.cl ly supporting affine hyperplanes

f Hab n P P S Hub

Hub fm Mµ mu b f ne Np

Hip SmeMal cnn.us b l

P is fulldimensional it nice presentatin

P meMµ Lm u a t facets

Uf f
E M unique

c P a vortex we have a cone G Cone PRM v sMµ
Hour correspondent

Q SP fans Quscy
Qu ConelQnm v

Qt Qu






































































































































MP Qu

bijections preserves dim inclusion intersections

we can construct a fan from this by wintry i

Cone Uf F fats containy Q

Ou
V

Thin
P full dim lattice polytope

Ep I ra l Q S P l is a fan callednormal fan

yet of Cane eyedCoi

n

B
p2






































































































































A polyhedrons p sMp is the intersection of finitely

Many closed half spaces

P ImeMal Cmi ai s ai ist isl

Basic struture theorem says

p Q C

Q polytope

C polyhedral cone P ai above C lmtmnkm.gg

lattice polyhedron dfwRT to M if

rec p C is strongly convex rational polyhedral on
a

vertices of P lie in M to hp hany
finitely

muyvertices

Similar to polytopes we have supporting hyperplanes

vertices fans facts






































































































































fulldimlath e polytope has unique facet presentation

dark
with p fmeMµ fm 3 ar Ff faut

Up EN inward pointing normal

Cone of P

ICP is 1cmHeMp R mix dat tf of

Say mi c P has height 1

Note
when I 0 the slice of GCP at height d is dP

Lamina
P full dim latticepolyhedron in Mpx

reap C then GCP is a strongly convex cone in MWR

at 6am Maillol C res P






































































































































polyh.dnn sturicv.ie

Ague build the normal fan of a polyhedron in exactly

the same way as a polytope Denote it by Ep

Prof

P lattice polyhedron with recession une Ce

IEpt V or Cv
of Ep

Xg isnt complete complete m.ms E Npp

s.tw t.pl n IEpt s Epl
Epl gives

WAN SN cubllattice Np Nfunw
quotunt lattice

strongly convox rational cone op IEpyw.CNpw
Nplpp

affine toute Voort Hop
the project

nµ
Np






































































































































is compatible with the fans p op

And so we get tonic moyhism Gnu FflEpl up

Ep Up f
Note each affine piece ofthis is actually profit normal fun

maps to Up

Defy

A lattice polyhedral decomposition of a lattice polyhedron

05 Mp is a set Pg of lattice polyhedra in Mp called

sit

0 1
If otp and c so a face then c cP

If 4 o c P o no is a face of both

A pit on 0 writ if its linear when restricted to each rep
and it's strictly convey wrt f if

D convex

For M M e D 0cm 1011mi 4cm1M with equality
iff mm insame0






































































































































Mumfurdbegen.ruarnExamples

Degeneration of R's

D Co att f o al CaatM

of D R 461 061 0 4 at1 L

Consider D upper convex hull of graph of

hatin f
ol6,0

ng
D

no

i
Xiao spec Efx x I xcoic t

Xiao Spec Q x x x I special
each has mop
He thil

Xan Spec Efx X X l cno um 40,1
relation






































































































































Mumford
full dimensional

Now let 0 s Mp compact lattice polyhedron

Let P be a poly d comp of 0

Let 4 O R PL strictly convex WRT A
with integral slopes

m f U

consider D Ilm d cMp 1211434cm this is pkoff.am

rec E Ox IR o C construct to Uo

x A
gun locally by X H t map of rings

To better understand this degeneration we study the

normal fun of A






































































































































normal
vector

f t
am

q Max R MA projection
is there a

f O uppwtwyhyp.pk

qwhichprojectsto supportyhy

Faces of I Inonhomeomophically to face here vertical faces

horizontal fainnot a face

E
E maximal hovitontal face set ftp.co has slope ng EN

then the normal a rag generated by C no 1

the vertical favs have normal cone contained Npx102

So X vanishes on horizontal faces to order 4
doesnt vanish on vertical favs

codimension I
IT o Union of toric diner corresponding to maximal

horizontal faces




